JOURNAL OF THERMOPHYSICS AND HEAT TRANSFER
Vol. 23, No. 3, July—September 2009

Natural Convection over Vertical Plates: Local-Nonsimilarity
Slip Flow Solutions

Kang Cao* and John Baker!
University of Alabama, Tuscaloosa, Alabama 35487

DOI: 10.2514/1.37418

Natural convection over a vertical isothermal plate has been modeled with first-order momentum and thermal
discontinuities at the wall. A local-nonsimilarity transformation has been applied and numerical solutions were
obtained based on the three-equation model. The presence of nonequilibrium at the wall has been found to result in a
nonsimilar boundary-layer problem. Nonsimilar velocity and temperature distributions within the boundary layer
have been obtained. Results are presented which indicate the effects of nonequilibrium on wall slip velocity,
temperature jump, wall shear stress, and boundary-layer thickness for both gaseous and liquid flows. Equations for
predicting the drag and average Nusselt number have been formulated as an integral function of the nonequilibrium
parameter. A reduction in heat transfer was predicted for more rarified gaseous flows with simultaneous momentum
slip and thermal jump conditions. In liquids, without a thermal jump, heat transfer was found to increase relative to

the respective no-slip value.
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= skin friction coefficient
reduced stream function
momentum accommodation coefficient
= & derivative of F
Grashof number
gravitational acceleration
& derivative of G

heat transfer coefficient
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thermal conductivity
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u = Nusselt number
r = Prandtl number
= pressure
temperature

streamwise velocity

normal velocity

coordinate along the plate
coordinate normal to the plate
thermal accommodation coefficient
volumetric thermal expansion coefficient
= specific heat ratio of air
boundary-layer thickness

similarity variable

dimensionless temperature

mean free path

dynamic viscosity

kinematic viscosity

dimensionless nonsimilarity variable
shear stress

= £ derivative of 0

& derivative of ¢

= stream function
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Subscripts

L = length of plate

slip = slip condition

w = wall boundary

X = local streamwise position
oo = ambient conditions

I. Introduction

ATURAL convection from an isothermal vertical plate is an

important transport process and finds uses in many engineering
applications. Over the past few decades, extensive studies have
been conducted that focus on natural convection over a flat surface.
Early efforts mainly sought the similarity characteristics within the
boundary-layer framework. Similarity solutions were used by
Ostrach [1] to analyze boundary-layer natural convective flow and
heat transfer from an isothermal plate. Similarity approaches were
then applied by many researchers to a wide range of engineering
problems involving natural convection and were even extended to
mixed convection [2,3]. Nevertheless, not all natural convection
problems admit similar solutions. Sparrow et al. [4,5] treated several
nonsimilar boundary-layer problems using both local-similarity and
local-nonsimilarity methods. To study the flow behavior outside the
boundary layer, singular perturbation methods were then employed
to examine the interaction of the boundary layer with the external
flow [6-9].

All of the aforementioned studies were conducted upon the basis
of a continuum flow regime. Convective slip flows have recently
gained interest due to the rapid development of microelectro-
mechanical systems [10]. Natural convection processes are also of
great importance to the thermal management of near-space platforms
operating in very low-density and low-pressure environments [11].
As the mean free path of the flow becomes comparable to the
characteristic length scale, flows will exhibit noncontinuum pheno-
mena as a result of the deviation from interfacial thermodynamic
equilibrium due to fewer collisions within the dimension of
interest. The degree of the rarefaction for gaseous flows is usually
characterized by the Knudsen number, defined as the ratio of
molecular mean free path to the characteristic length of the problem
of interest, given as [12]

Kn=MA/L (e8]
According to the value of Knudsen number, the flows can be
classified into three categories: continuum flow (Kn < 0.01), slip
flow (0.01 < Kn =< 0.1), and transitional flow (0.1 < Kn < 10) [13].
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As the flow approaches the continuum limit, the conventional no-slip
wall boundary conditions fail to accurately model the surface
interaction between the fluid and the wall boundary due to the low
molecular collision frequency [13]. Slip models have been proposed
to ameliorate the prediction of the nonequilibrium phenomenon near
wall boundaries within the framework of the continuum assumption.
For gaseous flows, the Maxwell slip model relates the slip velocity at
the wall to the local velocity gradient based on the gas kinetic theory,

given by [14]
2 ou
w715,

The original Maxwell model has been extended to a high-order form
by including an empirical slip coefficient C, as a function of the
Knudsen number [15]:
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Note that the original Maxwell slip condition is recovered at the slip
coefficient equal to Kn, which is of the first-order Kn dependence.
The dependence of the slip coefficient on higher-order Kn has
been studied by many researchers. Recent works involving the
determination of empirical slip coefficients and slip models can
be can be found in Bahukudumbi et al. [16], Beskok [17], Pan et al
[18], and Bayazitoglu and Tunc [19]. The performance of several
proposed empirical slip models was investigated by McNenly et al.
[20] by comparing the simulation results with the Direct Simulation
Monte Carlo data. It has been found that all tested slip models are
fairly accurate for near equilibrium conditions at Kn < 0.1, but the
error will increase with an increasing Knudsen number.

For liquid slip flows, the linear Navier boundary condition
provides an empirical model relating the slip velocity at the wall to
the local shear rate by [21]

3

w
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where [, is the slip length. It has been found that the slip length
depends on the liquid, geometry, and shear rate [21]. An experi-
mental study by Tretheway and Meinhart [22] has found that the slip
length for water flowing over a hydrophobic surface is approximately
1 pm.

In addition to velocity slip, as the Knudsen number grows beyond
the continuum limit, a temperature jump may also exist between the
gas and the wall boundary. The interfacial temperature discontinuity
physically accounts for gas molecules not thermally accommodated
with the wall and thus is very important to the prediction of energy
transfer. Analogous to velocity slip, the kinetic theory expression for
a first-order temperature jump condition is given by [21]
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A review of the vast body of information on slip models is beyond the
scope of this effort. For a more thorough treatment of slip models for
fluid flows, the reader is referred to the book by Karniadakis et al.
[12].

The study of gaseous and liquid flows in microdevices, such as
microchannels, have been widely conducted during the past two
decades. A brief summary of previous studies can be found in
literature [23-28]. Nonetheless, the literature on external convective
flow with slip boundary conditions is found to be very limited.
Oosthuizen [29] roughly estimated the effects of very small amounts
of slip (with Kn varying from 107> to 10~*) on the free convection
from a vertical plate using the von Kdrmdn integral approach. A
slight increase was predicted in the average Nusselt number with
the increasing slip condition. Eldighidy and Fathalah [30] examined
the effect of momentum slip on the natural convection from a vertical
plate. Temperature jump, however, was not considered in the

boundary condition. It is also unclear as to which slip boundary
conditions were developed. The transformed governing equations,
however, indicate the solutions were based on local-similarity
methods. The results showed that velocity and heat transfer at
the plate will be enhanced with the increasing Kn. Martin and Boyd
[31] investigated forced convection over a horizontal plate with
slip conditions. Numerical solutions were obtained using finite
difference methods. Results suggested that the flow structure,
velocity profile, and boundary-layer thickness will be altered by the
rarified condition. The results obtained for natural convective slip
flow from an isothermal vertical plate in previous investigations are
inconclusive. No study has simultaneously taken the interfacial
momentum and temperature slip into account for natural convection,
though the simultaneous discontinuity is vital in predicting
heat transfer at microscale or in a slightly rarefied environment. In
addition, few functional correlations have been obtained quanti-
tatively relating heat transfer to the slip conditions. Therefore, our
understanding of the behavior of the flow structure and heat transfer
for natural convection in a slightly rarefied environment is far from
complete.

The aim of this study is to provide a better understanding as to the
effect interfacial velocity and temperature jump have on natural
convection heat transfer. Local nonsimilar solutions to the boundary-
layer equations for natural convection over a vertical isothermal plate
in a slightly rarefied environment are presented in this paper. The
boundary conditions and equations presented here are substantially
different compared to earlier results reported in [30]. Simultaneous
velocity slip and temperature jump boundary conditions were
considered for gaseous slip flow, although the temperature jump is
neglected for liquid flows. The change in velocity and temperature
distributions, wall shear stress, and boundary-layer thickness due to
the interfacial slip are analyzed in both flows. A correlation for skin
friction coefficient and average heat transfer, that is, Nusselt number
over the plate has been formulated in an integral form as a function of
the nonequilibrium parameter and the thermophysical properties of
the flow.

II. Laminar Natural Convection with Interfacial Slip

Consider a vertical flat plate immersed in quiescent ambient fluid
of temperature T, as shown in Fig. 1. The plate is maintained at a
constant surface temperature T, (T, > T,,). The x ordinate is
measured along the vertical plate from the leading edge, and the y
ordinate is measured normal to the plate.

The governing equations for two-dimensional, steady-state,
incompressible, laminar natural convection are the continuity, mo-
mentum, and energy equations. With the boundary-layer assumption
and Boussinesq approximation, these governing equations are,
respectively, given as
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Fig. 1 Natural convection over a vertical plate.
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or BT 32T

A group of dimensionless parameters are introduced to seek the
local-nonsimilar solutions, including a pseudosimilarity position 7,
reduced stream function F, and dimensionless temperature 6,
respectively, given by

Yy er 1/4
=) ©)
1/4
v = e w( )| (10)
0= (=T /T, ~T.) an

A. Interfacial Slip Boundary Conditions

First consider the wall boundary conditions for gaseous flows in
the slip regime. The starting point for the slip condition is Maxwell’s
first-order slip model. Two interfacial discontinuities involving
momentum and energy transfer, given by Egs. (2) and (5), are used to
replace the no-slip conditions for nonrarefied flows. In light of the
defined dimensionless variables, the velocity slip and temperature
jump boundary conditions can be transformed into the following

forms:
F'(0)= (]—% - 1) Kn, (Gf) Y (0) (12)

1 (2 Gr\4 2y 06
9”‘%&‘0“(4) v+ 1an),

+1 (13)

where prime denotes the derivative with respective to 1, Kn, is the
local Knudsen number defined as A/x, Gr, is the local Grashof
number, and y is % for a diatomic gas, 2 for a monatomic gas, and
approximately 1.0 for a liquid [21]. Experiments have shown that the
momentum and thermal accommodation coefficients are fairly close
to unity for rough surfaces where molecules are reflected by the wall
atrandom angles uncorrelated with their entry angle [14]. To develop
a tractable analysis, the present paper considers the fully diffuse
situation only, where f and o are both assumed to be unity. In
practice, the slip model can also be easily adapted for any actual
accommodation coefficients obtained from experiments.

Note that the preceding slip conditions are dependent upon the
streamwise location x. In this regard, the nonsimilarity variable £ is
defined to describe the surface location dependence of x:

/4
E=Kn, (G: x)] (14)

Similarly, in liquid flows, the Navier slip boundary conditions based
on Eq. (4) can be transformed to

2 I, (Gr \'/*
FO)=(=-1])= 2 F"(0 15
0=(G-1)%(F) "ro 15)
Accordingly, the slip parameter for liquid flow has the form
I, (Gr /4
=3 =* 16
= () »
where [, /x may be viewed as the dimensionless local slip length for

liquid flow.

Despite the different definitions of £ in gaseous and liquid flows,
the nonsimilarity parameter bears similar physical meanings in both
flows. First, note the value of £ varies in a sense opposite to x~'/4, and
hence it can be used to describe the streamwise location along
the plate. Second, £ controls the slip boundary conditions. The
magnitude of £ can be used to quantitatively characterize the degree
of nonequilibrium at the wall or, in other words, how much the flow

deviates from the no-slip condition. For instance, if £ approaches
zero, indicating x location is far away from the leading edge of the
plate, the slip effect will be negligible and thus the no-slip boundary
condition applies. On the other hand, a larger value of £ indicates that
the boundary condition will deviate more from the no-slip condition.
As & approaches infinity, the velocity slip and temperature jump will
become infinitely large, giving a nearly uniform velocity and
temperature distribution with the ambient condition:

F =0, =0 asé&— o0 a7

However, a more detailed speculation should be given to & of
large values. A large value £ corresponds to a small x, in other words,
the leading edge of the plate. However, at the leading edge, the
boundary-layer assumption then is not appropriate, and, as a
consequence, the boundary-layer equations become inaccurate.
Moreover, if a large £ is due to a Knudsen number greater than 0.1,
that is, the flow exits in the transitional or free molecular flow
regime, then the Navier—Stokes equations themselves fail to
accurately model the thermal and momentum transport behavior. For
this reason, a discussion regarding large value & could be prone to
error in nature. Therefore, we limit the discussion in this paper for a
relatively small range of & from 0 to 5.0, as this will cover most of the
slip flow region.

In addition to the two slip boundary conditions, the other boundary
conditions include that for an impermeable wall, the velocity u at the
wall, and the dimensionless temperature 6 far away from the plate,
respectively, given by

v, =0, uy,=0, 6,=0 (18)

The latter two conditions can be easily written as
F' =0, 0=0 asn— o0 (19)

The mathematical expression for normal velocity at the plate,
however, needs more consideration, as will be seen in the following
subsection.

B. Formulation of Boundary-Layer Equations

With the boundary conditions being dependent upon the
streamwise location along the plate, it suggests that the solution to
the problem, that is, reduced stream function F' and temperature
distribution 6, also be a function of the streamwise location &, in
addition to the variable n in classical similarity solutions.
Accordingly, the derivative relationships are modified as

3 dom 1[Gr)\'"d
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Therefore, the longitudinal and normal velocity components can be,

respectively, expressed as
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(22)

The dimensionless longitudinal and normal velocity components
may be defined as

Gri*F'(£.1) 1)
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In terms of the preceding relations, the governing equations can be
transformed to read

oF oF’
7 "o 2 — 1" — F
F” +3FF" —2(F)* 4+ 0 g(F % F ag) (25)
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With the normal velocity v expressed in Eq. (22), the boundary
condition of v,, = 0 is given by

3F=§%—Ig, asn=0 27

The other boundary conditions are stated in Egs. (12), (13), (17), and
(19).

C. Local-Similarity Model

Before proceeding into the local-nonsimilarity method, it is useful
to examine the boundary-layer Eqs. (25) and (26) from the
perspective of the local-similarity concept. To derive the equations
for the local-similarity model, one assumes that the terms on the right
side of Eqs. (25-27) are sufficiently small so that they may be
negligible. Then the local-similarity transformation gives

F" +3FF"—2(F)*+60=0 (28)
1
Ly 43re =0 (29)
Pr

The boundary conditions are summarized by

F(0)=0
F/ — "

©) = &0 0
0(0) = :62,0(0) + 1
Fl(£.00) =0, 6. 00)=0

The parameter £ contained in the boundary conditions can be
regarded as an assigned constant at any streamwise location along the
plate. The transformed governing equations by local-similarity
method are a system of ordinary differential equations, with the
nonsimilar effect retained in boundary conditions. For a given value
of &, the solution is independent of any other at any other £ value.
Therefore, by assigning a succession of £ values along the plate, the
velocity and temperature distributions can be determined.

One weakness of the local-similarity method is the accuracy.
During the local-similarity transformation, the nonsimilar terms on
the right side of Eqgs. (25) and (26) as parts of the momentum and
energy equations were lost. The local-similarity postulation requires
& be close to zero. Otherwise, the terms in parentheses on the right-
hand side of the equations must be very small to justify the omission
of nonsimilar terms. The validity of the latter assumption, however, is
subject to uncertainty that may induce numerical inaccuracy.

D. Local Nonsimilarity Models

The local-nonsimilar boundary-layer equations will now be
derived. Unlike those nonsimilar boundary-layer problems inves-
tigated in literature [4,5], the nonsimilarity aspect for the present
problem arises from the effect of interfacial momentum and thermal
discontinuities at the wall. To begin with, the two-equation model
will first be derived. Let

G n) =0F(E /0, & n) =00/ (B

Then Eqgs. (25) and (26) are differentiated with respect to £, giving a
set of auxiliary equations

?
0%
d
b5

Similarly, differentiate the boundary conditions in Eqgs. (12), (13),
(19), and (27) to obtain additional boundary conditions

G" +3FG" —3FG +2F'G+¢=£6—[F'G—FG] (32

Piw” +3FY + Fo+2G9 =£—-(0G—Fo) (33)
P

2G(0) = £5G(0)

G'(0) = F"(0) + §G"(0)

9(0) = 7,525[6/(0) + &' (0)]
G'(§.00) =0,  ¢(.00)=0

(34)

If the right side terms containing £9/0& in Eqgs. (32) and (33) are
neglected, then they become the subsidiary momentum and energy
equations for Egs. (25) and (26). In a like manner, the boundary
conditions in Eq. (34) are auxiliary to the original ones. This is
referred to as the two-equation model because the momentum and
energy distribution each involves the solution to two simultaneous
equations.

The preceding outlined procedures represent the first stage of the
local-nonsimilarity model. Next, the governing equations for the
three-equation model are briefly formulated. First, let

H(E n) =09G/0¢,  x(&n) = dp/0¢ 35)

Then, Eqs. (32-34) are differentiated with respect to £ and the terms
containing £0”/0£% are neglected. This transformation yields a
second set of auxiliary equations and boundary conditions:

H" +3FH" —2FH + F'H +4GG" —2(G')* + x =0 (36)

Pi X' +3F) +2F x +4Gy/ +2G'p+ HY =0 (37)
.

H(0)=0
H'(0) = 2G"(0) + EH"(0)

x(0) = %% [2¢/(0) + &x'(0)]
H'(§,00) =0, x(&,00)=0

(38)

In summary, all the momentum and energy equations for the three-
equation model are brought together as

F" +3FF" —2(F)? + 0 =&F'G — F'G) (39a)

Pi 0 +3F0 = E0G — Fg) (39b)
-

G" +3FG" —3FG +2F'G +¢=§GG" + F'H— (G}~ F'H|
(39)

1
B¢ +3F¢ + Fp+26G0 =§(Gy' + HO —G'o—F'y) (39d)
r
H” +3FH" —2F'H' + F'H + 4GG" — Z(G/)Z +x= 0 (393)
PLX” +3Fy +2F X +4Gy +2G'9+ HO =0 (39D
r

with boundary conditions for F, G, H, 6, ¢, and x for the three-
equation model summarized by
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3F=E(G, 2G=£(H, H=0
F/ — SF//’ G/ — F// + EG//
H/ — 2G// + gH//
as n=0 9:#5%9’4_1 (40a)
o= 4250 + &)
X =57 20 +EX)

F'=0, 0=0
as n — oo G'=0, ¢=0 (40b)
H =0, x=0

The advantage of local-nonsimilarity method is that it preserves
the nonsimilar terms in original governing equations and boundary
conditions with only part of the subsidiary nonsimilar terms dropped
from its subsidiary equations. Because the original governing
equations remain intact, the local-nonsimilarity method is expected
to be more accurate than the local-similarity solution. In addition,
because the nonsimilar terms are only dropped at the level of the
secondarily subsidiary momentum and energy equations, the results
from the three-equation model should have higher accuracy than
those from the two-equation model. The reader may also wish to
consult the literature [4,5] for more discussion about the numerical
accuracy of the local-nonsimilarity method.

III. Results and Discussion

The system of ordinary differential Eqs. (39a-39f) subject to
boundary conditions (40a) and (40b) represent a two-point boundary
value problem and needs to be solved simultaneously. They
were solved numerically using the three-stage Lobatto IIIA
collocation method, which provides continuous solutions of fourth-
order accuracy uniformly in the problem domain. The numerical
algorithm, application procedures, and validation of accuracy have
been outlined in great detail in [32,33], and so will not be repeated
here. Numerical solutions were first obtained for gaseous flow with
simultaneous velocity and temperature slip at the wall and then for
liquid flow with only the velocity slip condition. Results from the
three-equation nonsimilarity model are presented for velocity and
temperature distributions, wall slip velocity, wall shear stress, skin
friction coefficient, and average Nusselt number over the plate.

A. Effect of Slip and Thermal Jump in Gaseous Flow

The dimensionless x-velocity F’ as a function of position and
nonequilibrium condition for Pr of 0.72 is shown in Fig. 2. As
previously mentioned, due to the introduction of slip at the wall, the
boundary-layer velocity profile will no longer admit itself to a self-

0.3 . . . . . .
£=0
---£=10
025t £=201
AN Pr=0.72 -—&=30
g —e—£=40
02 o £=50
N\ .
—~ \
up \
S o5 N E
LL4 \
0.1 E
0.05 \\ g
0 . . . . ;
0 1 2 3 4 5 6 7

Fig. 2 Dimensionless x-velocity profile.

similar shape. The velocity profile in the vicinity of plate will be
greatly altered by the effect of nonequilibrium. The peak velocity is
seen to decrease with the increasingly rarefied condition, causing an
approximately 25% decrease than the no-slip value as & approaches
5.0. Note also the position 1, at which the peak velocity is attained,
will shift toward the plate. It is also seen that the velocity distribution
at £ equal to zero, where slip effect is not present, becomes identical
to that in the classical no-slip solution.

Figure 3 shows the temperature profile 6 as a function of position
and nonequilibrium for Pr of 0.72. The amount of thermal jump at
the wall will increase monotonically as the flow becomes more
rarefied, causing more than a 75% decrease in the value of the
dimensionless temperature for £ at 5.0. The amount of temperature
drop of the gas near the wall is more drastic at the initial stage of
rarefaction, for instance, it causes approximately 45% decrease
as & varies from the no-slip condition to 1.0. The result indicates
that a small thermal jump condition at the wall boundary can have
a remarkable impact on the temperature distribution within the
boundary layer. This behavior of temperature distribution due to the
thermal jump at the wall boundary, however, was not quantitatively
revealed in any previous investigation. Again, as £ approaches zero,
no temperature jump exists at the wall and the no-slip solution [34] is
recovered.

Figure 4 shows the three-dimensional plot of dimensionless shear
stress F”. As expected, a peak dimensionless shear stress of 0.6759
occurs for the no-slip conditions. The magnitude of stress decreases
with the increasing rarefaction. Note that the shear stress near the
plate is of positive value, representing the buoyancy driving forces
for flows. As 1 moves away from plate, stress gradually decreases
and eventually becomes a negative value, indicating the flow is being
retarded by the ambient fluid outside the boundary layer.

The wall slip velocity F'(0) is shown in Fig. 5. Initially, the slip
velocity increases rapidly as the flow becomes more rarefied. F'(0)

1 T T T T T T

£=0
0.9} ---£=101
ol £=20 |
Pr=0.72 -=§=30
0.7+ —o—E=4.04
——&=50
0.6 1
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03F - . ]
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0 . . h
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Fig. 3 Dimensionless temperature profile.
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Fig. 4 Shear stress as a function of y and &.
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Fig. 5 Slip velocity as a function of nonequilibrium.

reaches the peak value of 0.2093 at £ equal to 2.5. It is also interesting
to note that, rather than always increasing monotonically with the
increased rarefaction, the wall slip velocity tends to decrease slowly
after reaching the peak value, giving about a 5% drop from the peak
value to & at 5.0. This behavior can be justified by a closer
examination of the fourth equation in Eq. (40a), which indicates the
wall slip velocity will attain its peak value when the product of
nonequilibrium & and the dimensionless skin friction F”(0) is
maximized, as is seen shortly.

The skin friction coefficient is another physical quantity of
interest. The wall shear stress can be expressed as

du 4pv (Gr,\3*
=pem| =2E0(Z) T R 41
fu dy x? ( 4 ) © “D

y=0

Hence, the local friction coefficient has the form

T Gr,\/*x
) d —F"(0 42
Cf.x pu%/z ( 4 ) L ( ) 42)

Here, the u, is the reference velocity defined as

Uy = v g:B(Tu) - Too)L

The dimensionless skin friction F”(0) is shown in Fig. 6. The
result shows again that F”'(0) has a maximum value of 0.6759 at the
no-slip condition. It is known from [35] that the value of 7 (0) in the
classical no-slip condition gives 0.6760. This verifies that the result
obtained by the three-equation nonsimilarity model is able to
accurately converge to the classical solution at the no-slip case. In

0.7 T T T T

0.6

0.5

0.4

F(0)

0.3

0.2

0.1

Fig. 6 Skin friction as a function of nonequilibrium.

addition, the wall shear stress decreases rapidly with the increasing
degree of rarefaction, that is, F”(0) decreases by approximately
70% as & varies from O to 1.0. Because the local skin friction is
proportional to F”(0), likewise it is expected to decrease
monotonically as the flow becomes more rarefied. Note also that,
at this point, the behavior of wall slip velocity can be examined
closely. As noticed earlier, the peak slip velocity F”(0) will occur
when the product of £ and F”(0) is maximized. In Fig. 6, £F"(0)
represents the rectangle area encompassed by respective coordinate
for an arbitrary point on the curve. Therefore, peak wall slip velocity
is obtained at the maximization of this area.

The total viscous drag force per unit width can be computed by
integrating the wall shear stress over the entire plate of length L:

L L
Fp= / ry dx = dpu g B(T, — T0) /AP / ASE7(0) d
0 0

43)
The drag coefficient is defined as [34]
Fp
Cp= (44)
b 1 pudL

Substitute the definition of nonequilibrium parameter £ in to Eq. (43)
and change the integration with respect to &, then the expression for
drag coefficient is derived as an integral formula

C 00
W =8¢ L ,_ ESF(0) dt 45)

where &; is the nonsimilarity variable £ evaluated at length L. Note
that, with a given Prandtl number, F”(0) is a function of the
nonsimilarity variable £. The functional relation between F”(0) and &
may be obtained by fitting to the curve shown in Fig. 6 to get

3.614

F)=———""""
© 5.349 + 13.39¢!138”

(Pr=0.72)  (46)

The coefficient of determination of Eq. (46) is 0.999985. Then, the
drag coefficient Cp,/(Gr,/4)~"/* was obtained by substituting
Eq. (46) into Eq. (45) for numerical integration. The drag coefficient
as a function of nonequilibrium for Pr of 0.72 is plotted in Fig. 7.
The result shows that the drag coefficient decreases rapidly with
the increasing nonequilibrium condition, giving an approximately
95% drop as &; varies from 0 to 5.0. At &, equal to zero,
Cp/(Gr,/4)~'/* gives approximately 1.0804, and this value can be
checked by the classical no-slip solution. At the no-slip condition,
F”(0) is independent of &, for it is a function of the Prandtl number
only. Therefore, F”(0) in Eq. (45) can be moved outside of the
integral and the drag coefficient for the no-slip case given by

Pr=0.72

14
C D /( GrL/4 )
o o
[=)} o]

o
~
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Fig. 7 Drag coefficient as a function of nonequilibrium (Pr = 0.72).
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Grja 7 =500 @
Note that F”(0) is equal to 0.6760 at the no-slip condition for Pr of
0.72 [35], and hence the no-slip drag coefficient based on Eq. (47)
gives 1.0816. Therefore, the result based on the integration form
gives only a 0.1% difference from the classical no-slip value. Note
that the small deviation was mainly caused by the curve-fitting
process. Thus, the drag coefficient calculated by the integration
formula is able to converge well to the no-slip value, provided the
curve fitting of F”(0) is of good accuracy.

The boundary-layer thickness is given by

§ =211, (Gr /4~ (43)

The value where F' is at 1% of the maximum value is in the viscous
boundary layer; whereas, in the thermal boundary layer, 7,4, is the
position where the dimensionless temperature 6 reaches the value of
0.01 [35]. The expression of boundary-layer thickness can be
substituted into the definition of & to obtain

&= Knsnq 49)

This indicates that the effect of slip is a function of boundary-layer
thickness. Figure 8 shows the value of 7,4 as a function of
nonequilibrium £. The result suggests that the variation in thickness
of the momentum boundary layer will generally increase with the
nonequilibrium, but a local decrease has been predicted in the
slightly rarefied condition for & less than 0.2. The behavior of
the viscous boundary-layer thickness suggests that the transition to
turbulence in gaseous flows could be delayed at slightly rarefied
conditions, that is, £ < 0.2, but could also be accelerated as the flow
becomes more rarefied. The thermal boundary-layer thickness
initially decreases with the increasing nonequilibrium for £ less than
1.0 and then remains roughly constant. The variation is about 11% for
viscous and 6% for thermal boundary-layer thickness between the
no-slip condition and & at 5.0. Note also that, at the no-slip condition,
the viscous and thermal boundary-layer thickness 71,4, gives 5.497
and 4.401, respectively, which agrees with the no-slip boundary-
layer thickness value of 5.5 and 4.42 reported in [35].

Figure 9 shows the wall temperature as a function of non-
equilibrium for varying Prandtl 0.6, 0.7, 0.8, 0.9, and 1.0. These
Prandtl numbers can represent typical values for air and other gasses
around room temperature. The amount of temperature jump will
increase substantially with the increased nonequilibrium, that is, the
percentage drop is more than 75% between the no-slip condition and
& at 5.0 for Pr of 0.7. One may also expect that, as £ approaches a
sufficient large value, the temperature jump as a result will become
infinitely large, giving a uniform temperature distribution within the
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Fig. 9 Dimensionless wall temperature.

boundary layer. The result also suggests that, for a given value of &,
the amount of temperature jump will increase with the decreasing Pr.

The dimensionless local heat transfer is proportional to the
magnitude of the local wall temperature gradient, given by
Nu,/(Gr,/4)'/* = —@'(£,0). The local heat transfer at the plate (i.e.,
the wall temperature gradient) as a function of Prandtl number and
nonequilibrium is plotted in Fig. 10. The results show that the heat
transfer tends to decrease as the flow becomes more rarefied, causing
an approximately 80% decrease as & varies from O to 5.0. This
behavior is due to a combinational effect of the simultaneous velocity
slip and thermal jump conditions imposed at the wall. Although it is
expected that the enhanced velocity due to slip near the plate will
increase the local heat transfer (as will be seen shortly in liquid flow),
the existing wall temperature jump plays a counteractive role in
decreasing the heat transfer. The attenuation in heat transfer caused
by the thermal jump condition outweighs the increased amount
caused by the slip velocity, thereby resulting in a decreasing local
heat transfer with rarefaction. It is also seen that the local heat transfer
will be enhanced with increasing Prandtl number for an identical
rarefaction condition. Note that the current result of local heat
transfer is contradictory to that reported in [30], where an increase
was observed with an increasing Kn. This discrepancy is due to the
fact that only the velocity slip was considered in [30]. The velocity
slip, by itself, will result in an increased heat transfer due to the
enhanced velocity field near the plate. However, the variation of
local heat transfer with Prandtl number agrees with the trend shown
in [30].

0.6 T T T -

5.5 b

n]%

451 1

Fig. 8 Boundary-layer thickness as a function of nonequilibrium
(Pr=0.72).

X

Nu_/(Gr /4)"

Fig. 10 Wall temperature gradient.
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The average heat transfer coefficient may be defined as

__1 L _k gIB(Ts_Too) 1/4/L Y —1/4
h_LL hdx—L|: e A 0'(&,0)x % dx

(50)

and thus the average Nusselt number over the entire plate is given by

Nu, = [7&6(% - Tw)}m /L —0E0)xHdx  (51)
4v 0

In terms of the definition of £, given in Eq. (14), the expression for the
average Nusselt number can be derived as an integral formula:

N_ 3 o % .
ﬁ =4¢ /& —0'(£, 0064 d& (52)

Note #'(&, 0) contained in the integral is a function of both & and Pr.
For a given Prandtl number, the temperature gradient, however, is a
function of & only. The relation between —6' (&, 0) and £ can therefore
be obtained by fitting to the curve shown in Fig. 10. Take Pr of 0.7,
for example, the wall temperature gradient can be fitted as a function
of the nonsimilarity variable through

Nu, 0.9047

(Gr /"% ~ 1781 + 1.3216"1% (53)

The preceding correlation gives a coefficient of determination
of 0.9994. The average Nusselt number was then obtained by
substituting the preceding expression into Eq. (52) for numerical
integration, and the result is plotted in Fig. 11. It is evident that the
heat transfer will decrease significantly with the increasingly rarefied
flow, giving more than an 85% drop as & varies from the no-slip
condition to highly rarefied flow at & equal to 5.0.

It is also seen in Fig. 11 that the average Nusselt number is
approximately 0.675 as & approaches zero. Note that, if at no-slip
condition 6'(£,0) becomes independent of &, so Eq. (52) can be
simply integrated to obtain

N ur 4 /
G i =30 €0 (54)
The preceding equation coincides with the average Nusselt number
correlation derived at the no-slip condition [34]. According to the
wall temperature gradient value reported in [35], the average Nusselt
number at the no-slip condition for Pr of 0.7 gives 0.666. The
difference is less than 1.4% between the result based on the
integration and the classical no-slip value. Note that the small
deviation stems mainly from the curve-fitting process of &' (¢, 0), but
not from the integration itself. The obtained average Nusselt number
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Fig. 11 Average Nusselt number as a function of nonequilibrium
(Pr=0.7).

as a function of nonequilibrium conditions is considered to be able to
converge to the no-slip solution as £ approaches zero. The foregoing
procedures can be repeated to determine the average Nusselt number
for an arbitrary Prandtl number, provided the curve-fitting process is
of acceptable accuracy.

B. Effect of Slip in Liquid Flow

The foregoing section has discussed the effect of simultaneous
velocity slip and temperature jump at the wall boundary in gaseous
flows. In this subsection, the discussion is extended to examine the
effects of slip upon natural convection in liquids. As far as the
microscale heat transfer is concerned for liquids, it is usually
assumed that there is no wall temperature jump accompanying with
the momentum slip [31]. Thus, the temperature at the wall is replaced
with the no-thermal-jump condition

0(0)=0 (55)

Other boundary conditions remain unaltered. Numerical solutions
have been first obtained for Pr of 7.0 with varying rarefied
conditions. This Prandtl number can represent natural convective slip
flow in water at room temperatures.

The velocity profile for Prandtl number of 0.72 with & varying from
0 to 5.0 is shown in Fig. 12. It is seen that the velocity profiles for
highly rarefied flows, that is, £ of 5.0, are significantly altered from
the no-slip case. The peak velocity is seen to increase as the flow
becomes more rarefied, causing more than a 100% increase as &
varies from no-slip to highly rarefied flow at £ of 5.0. In addition, the
distance where the peak velocity is obtained is found to shift toward
the plate with increasing &. This behavior is a result of the increasing
slip velocity at the wall.

The temperature distribution as a function of nonequilibrium for
Prof7.0is shownin Fig. 13. Although no temperature jump exists in
this case, the dimensionless temperature at a given location n will still
decrease as the flow becomes more rarefied. For instance, for slightly
rarefied flow of £ equal to 1.0, the temperature at the position 1 of 1.0
is 60% lower than the no-slip value. This is because the increased
velocity field near the plate due to the slip condition results in an
enhanced heat transfer rate from the plate to the surroundings,
thereby rapidly reducing the temperature of fluid near the wall.

Figure 14 shows the 2-D contour plot of the stream function for
Pr =7.0 as a function of position and nonequilibrium. At any given
position 7 in the boundary layer, the value of stream function F will
increase as the flow becomes more rarefied. Note that the difference
between stream functions indicates the volume flow rate per unit
depth. As the flow proceeds along the plate, the value of £ decreases,
and the slip velocity near the plate also decreases, leading to a
decrease in flow rate along the plate.

Figure 15 shows the slip velocity at the plate for Pr of 7.0. The slip
velocity at the wall increases monotonically with the increased
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Fig. 12 Dimensionless x-velocity profile.
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Fig. 14 Stream function as a function of 5 and & (Pr = 7.0).

rarefaction. This is a direct result of the imposed momentum slip
boundary condition at the wall. The slip velocity reaches approxi-
mately 0.269 when £ is equal to 5.0.

Figure 16 shows the dimensionless wall shear stress for Pr of 7.0.
The result shows that F”'(0) will decrease as the flow becomes more
rarefied, leading to more than an 85% drop as & varies from 0 to 5.0.
At & equal to zero, the value of F”(0) is 0.4507, which also agrees
well with the no-slip value recorded in [35].
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Fig. 15 Slip velocity as a function of nonequilibrium.
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Fig. 16 Wall shear stress as a function of nonequilibrium.

The thickness of the viscous and thermal boundary layers was
calculated based on the definition of 7,4, described in the previous
subsection. Figure 17 shows the value of 1,4, as a function of & for Pr
of 7.0. The result suggests that the thickness of both the viscous and
thermal boundary layer will decrease with the increasingly rarefied
flow. The percentage variation in thickness is approximately 22% for
the viscous boundary layer and 32% for the thermal boundary layer
as the flow deviates from the no-slip condition. The result suggests
the transition to turbulence could be delayed for natural convection in
liquids, that is, water flow.

Figure 18 shows the local heat transfer on the plate [i.e., the wall
temperature gradient —6'(0)] as a function of nonequilibrium for Pr
of 2.0, 3.0, 5.0, 7.0, and 10.0. Note the local heat transfer value is
equal to —6'(0). The result shows that the local heat transfer at
the plate will increase with the increased rarefaction condition
for liquids. In addition, it is seen that the amount of increase in
Nu,/(Gr,/4)"/* will increase as the Prandtl number becomes larger,
that is, approximately 50% for Pr of 2.0 and 82% for Pr of 10.

The average Nusselt number over the entire plate can be computed
according to Eq. (52). Before the integration can be performed,
—8'(0) needs to be expressed as a function of £. The flow with Pr of
7.01s used as an illustration for which the average Nusselt number is
to be obtained. By curve fitting, —6'(0) for a Pr of 7.0 can be
expressed by an interpolation formula of the form

Nu 8.796

T _qo5_ . ©B
(Gr./d'* 925 10.09 + 16.73£10% (56)

The coefficient of determination of the preceding correlation is
0.9999901. Substitute Eq. (56) into Eq. (52) and integrate to yield the
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Fig. 17 Viscous and thermal boundary-layer thickness.
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Fig. 19 Average Nusselt number for liquid flow.

correlation of Nu; /(Gr;/4)"/* as a function of nonequilibrium,
plotted in Fig. 19. When the result is compared with the no-slip value,
it is seen that the average heat transfer over the entire plate will
increase greatly as flow becomes more rarefied. The percentage
of increase in average heat transfer is approximately 75% as &
reaches 5.0 for flow with Pr of 7.0. At £ equal to zero, the value of
Nu; /(Gry /4)"/*is 1.405. This result can be compared with the no-
slip value for the Nusselt number obtained by Eq. (54), which gives
about 1.4069, hence, the result gives only a 0.14% difference, so that
it agrees well with the classical no-slip value of average heat transfer.

It is also interesting to note that the heat transfer behavior in
rarefied liquid flow, shown in Fig. 19, is different than that in gaseous
flows, see Fig. 11. In liquids, due to the imposed velocity slip
condition at the wall, the flow velocity will be enhanced near the wall,
as seen in Fig. 12. Consequently, heat transfer from the plate will be
augmented due to the increased velocity field as the flow becomes
gradually more rarefied. Nevertheless, in gaseous flows, the presence
of the thermal jump condition at the wall will significantly reduce the
heat transfer from the plate. As a result, the presence of a thermal
jump in gaseous flows offsets the increased heat transfer gained by
velocity slip, leading to a decreased heat transfer in gaseous slip
flows.

IV. Conclusions

The boundary-layer equations for natural convective rarefied flow
over a vertical flat plate have been solved with first-order slip

boundary conditions using local-nonsimilarity transformations.
Natural convection boundary-layer velocity and temperature distri-
butions do not admit self-similar solutions for slightly rarefied
conditions. The nonequilibrium conditions existing at the wall result
in an enhanced velocity field in the vicinity of the plate due to a
velocity discontinuity. The peak slip velocity for the gaseous flows
examined here was found to exist for moderately rarefied conditions,
that is, the maximum wall slip velocity reached 0.2093 at £ equal to
2.5 for Pr of 0.72. In liquids, the wall slip velocity was found to
increase monotonically with an increasing degree of rarefaction. In
addition, the slip condition leads to a more rapid decrease in wall
shear stress compared with the no-slip condition. For instance, a 95%
decrease in gas flow (Pr = 0.72) and 85% in liquid (Pr = 7.0) was
observed as & varied from 0 to 5.0.

The heat transfer in the boundary layer was also affected by the
presence of interfacial nonequilibrium boundary conditions. In
liquid slip flows, the heat transfer was enhanced as a result of the
increased velocity near the plate that resulted from the momentum
slip at the interface. In gaseous flows, however, the heat transfer
decreased as the environment became more rarefied. This behavior
was due to the fact that the temperature jump condition reduced the
heat transfer more than that enhanced by the wall slip velocity.

Integral formulas for the drag coefficient, Eq. (45), and the average
Nusselt number, Eq. (52), as a function of the nonequilibrium
parameter were developed. These relations will be useful for future
analysis of natural convective flow in microdevices and in slightly
rarefied environments, that is, those associated with near-space
applications.
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